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Letting (Z’(t) : t > 0) be a strongly continuous semigroup of contraction 
operators on L,(X, A, A) we consider the question of the almost-everywhere 
convergence of (l/a) J-: T(t)f dt as (Y + 0+ (the local ergodic theorem). The 
limit is known to exist in the case where the semigroup is positive. In this paper 
we consider the question for general semigroups which may contain nonpositive 
elements. We show that a maximal ergodic inequality is equivalent to the local 
ergodic theorem. We also present some extensions to the local ergodic theorem. 
All the results of this paper also hold for N-parameter semigroups. 
1. INTRODUCTION AND PRELIMINARIES 
Let (X, A!, A) b e a sigma finite-measure space; L,(X, A’, A) the 
Banach space of equivalence classes of integrable functions on 
(X, J%, A). (T(t): t 2 0) is a semigroup of linear operators on 
L,(X, A!, A) if T(t) is a linear operator on&(X, A, A) for all t > 0 and 
T(t)T(s) = T(t + s) f or all t, s > 0. The semigroup is said to be 
strongly continuous if 11 T(s)f - T(t)f(I, + 0 as s +t holds for all 
t > 0 and all f E&(X, 4, A). The semigroup is a contraction semi- 
group if 11 T(t)11 < 1 for all t > 0. 
It has been shown (see Ornstein [3] or Terre11 [5]) that if (T(t): t > 0) 
is a strongly continuous contraction semigroup (s.c.c.s.) on 
L,(X, A’, A) and f EL~(X, A, A), then T(t)f(w) can be chosen from 
its equivalence class for each t > 0 in such a way as to make T(t)f(w) 
measurable in (t, w) with respect to the product space of A! and the 
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Lebesgue measurable sets on [0, co). This allows us to define for 
almost every w E X averages of the form 
W4f(w) = W) I= WfW & 
0 
where 01 > 0 and f EL~(X, .A, A). 
In this paper we will be concerned with the local ergodic theorem 
(L.E.T.). That is, we will investigate conditions for the existance 
almost everywhere of lim,,, M(a)f. For convenience we shall use 
the abbreviation L.E.T. for the statement 
&E MW = ww almost everywhere. 
It was shown by Krengel [2] and Ornstein [3] that L.E.T. holds for 
positive s.c.c.s. [i.e., T(t)f > 0 a.e. if f > 0 a.e. holds for all t > 01. 
It was also shown by Ornstein [3] and Terre11 [4] that L.E.T. holds 
for S.C.C.S. which also satisfy 
II Wfllm G llfllm for all t > 0 and all ME& n L,(X). (*) 
However, it remains an open problem whether or not L.E.T. holds 
for general S.C.C.S. The main result of this paper is to show that a 
necessary and sufficient condition for L.E.T. for a S.C.C.S. is that it 
satisfy a certain maximal ergodic-type inequality. There will also be 
given some new conditions under which semigroups satisfy this 
inequality. 
2. MAIN RESULT 
We begin by stating a necessary lemma. This result is well known 
and can be found in Krengel [2], Ornstein [3] and Terre11 [4, 51. We 
will omit its proof in this paper. 
LEMMA 1. Let (T(t): t 2 0) be a S.C.C.S. on L,(X, A, A). Then the 
famdy of functions M* = (AI( (w): 01 > 0, f E L,(X, A, A)} satisfies 
(i) M* C T(O)L,(X, A, A), 
(ii) M* is dense in T(O)L,(X, A, A), 
(iii) each f E M* satisfis lim,,, M(a)f = f a.e. 
We are now ready to present our primary result. This theorem will 
show L.E.T. to be equivalent to having the semigroup satisfy a 
maximal ergodic-type inequality (M.I.). 
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THEOREM 1. Let (T(t): t > 0) be a S.C.C.S. on L,(X, &Y, A). Then 
the following are equivalent: 
L.E.T. lim,,, M(a)f = T(O)f a.e. 
MI. There exists a constant c > 0 such that for all f E L,(X, A, A) 
and all 6 > 0 
Wim sup M(4f > 81 < 5 llflll . 
a+o+ 
Proof. Suppose that L.E.T. holds. Then for any f EL~(X, &, A) 
and any 6 > 0 we have 
W~;;p W+f > 81 = ~{T(O)f > 61 G 5 II W9fIII d $ IfIll . 
Suppose that MI. holds but L.E.T. does not. Then there would 
exist some f E L,(X, A, A) such that 
h{lim sup M(a)f > T(O)f} > 0. 
u-30+ 
We may assume T(O)f = f [since M(a)T(O)f = M(ol)f we may, if 
necessary, replace f by T(O)f]. So we have 
A{liIn sup M(oc)f > f} > 0. 
a+o+ 
Thus we can find an a > 0 such that 
A{lim sup M(ol)f > f + a} = 6 > 0. 
a-+0+ 
(1) 
By Lemma 1 we may choose f, E M* such that 
Ilf -.fo II1 < minW/% @O 
From (2) we also have 
llf -fo III -=c W/% 
and 
hia +f -fO d (a/2)> 
(2) 
(3) 
< h{lf -fO I 2 WH < P/4 llf -fO III G (b/4). 
Erom (1) and the properties of the M* functions we have that 
(4) 
Adim sup M(m)(f - fJ > a + f - fo> = X(l~~~p M(a)f > a + f} = b. 
m-to+ 
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This together with (4) gives us 
But by (3) we have 
cwNf - fo III G cw4w/44 = W). 
However, (5) and (6) together give us 
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(5) 
(6) 
which is contradicting M.I. and thus proving our theorem. 
3. COMPLIMENTS AND REMARKS 
Unfortunately, the question of whether the condition M.I. in 
Theorem 1 holds for all S.C.C.S. remains an open question. However, 
we can show condition M.I. to hold under some additional assump- 
tions. Of course, it is already known that if the semigroup is positive 
or has the condition (*) stated in the introduction then condition M.I. 
holds. What I shall do now is present some new weaker conditions 
under which M.I. holds. 
In Dunford and Schwartz [l], the following lemma appears. 
LEMMA. If (T(t): t > 0) is a S.C.C.S. on L,(X, .A?, A) which also 
saWes II T(t)f llm G Ilf IL f OY all f E L,(X) n L,(X) and all t > 0, 
then X{SUP,,, I M(a)f I > 26) < (l/S) ~~~~~~~~~ I f I dxholds for aZZ S > 0 
and all f E L,(X, A?, A). 
It is an easy exercise to modify their proof in the appropriate places 
and obtain the following result. 
LEMMA 2. Let (T(t): t > 0) be a S.C.C.S. on L,(X, A, A) for which 
there is some c > 0 such that 11 T(t)f Ilm < cl] f Iloo holds for all 
f E LdX) n Lm(X) and all t > 0. Then X{sup,,, 1 M(m)f I > S] < 
GWllf III h o Id f s OY all f 6 L,(X, A?, A) and all 6 > 0. 
Theorem 1 and Lemma 2 immediately give the following. 
THEOREM 2. Let (T(t): t > 0) be a S.C.C.S. on L,(X, A, A) for 
which there exists a constant c > 0 such .thut II T(t)f (Ice < cl/f &, for all 
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f E L,(X) n L,(X) and all t > 0. Then the semigroup satisjes condition 
M.I. of Theorem 1. 
Proof. By Lemma 2 we have for all 6 > 0 and all f eLI(X, A, A) 
As was mentioned earlier, it is already known that L.E.T. holds for 
positive S.C.C.S. However, by using Theorem 1 we can show that a 
condition weaker than positivity is sufficient for L.E.T. Namely, we 
shall show that it is sufficient for the S.C.C.S. to be dominated by some 
positive s.c.c.s. 
THEOREM 3. Let (T(t): t > 0) be a S.C.C.S. on L,(X, A’, A) and 
suppose there exists (P(t): t > 0), a positive S.C.C.S. on L,(X, ,4, 
such that T(t)f < P(t)/ f 1 for all f E L,(X, .M, A) and aZZ t > 0. Then 
condition M.I. of Theorem 1 holds for (T(t): t > 0). 
Proof. We know that L.E.T. holds for (P(t): t >, 0). Using this 
fact and Theorem 1 we have for all 6 > 0 and all f E L,(X, A, A) 
= h lim sup A S’ 
1 c-x+0+ 
oP(t) IfI dt > 81 b h /hn;~pdS, T(t)fdt > 61. 
In conclusion, I would like to remark that all the above results also 
hold in the case of N-parameter semigroups. If (T(t, ,..., tN): t, > 0) is 
an N-parameter S.C.C.S. let 
M(a)f = f j; .-- j, T(t, ,..., tN)fdtl -.a dtN . 
Then Theorems 1, 2 and 3 can be extended to the N-parameter case 
with proofs identical to those of the one-parameter case. 
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